Correlation effects in CuO 2 layers give rise to a complicated landscape of collective excitations in high-T c cuprates. Their description implies an accurate account for electronic fluctuations at a very broad energy range and remains a challenge for the theory. Particularly, there is no conventional explanation of the experimentally observed "resonant" antiferromagnetic mode, which is considered to be a mediator of superconductivity sometimes. Here we model spin excitations of the hole-doped La 2 CuO 4 and show that this antiferromagnetic mode is associated with electronic transitions between van Hove singularities that are pinned to the Fermi level. Upon doping the reconstruction of the Fermi surface results in the flattening of the quasiparticle band at the vicinity of the (π/2, π/2) point, accompanied by the high density of charge carriers. Electronic spectral weight redistribution leads to formation of an additional magnetic holes state that, together with the unchanged quasiparticle dispersion, protects the antiferromagnetic fluctuation against changes with doping.
Despite enormous effort of the theoretical community, electronic structure and quantum spin fluctuations of cuprate compounds remain not well understood [1] . The reason for this lies probably in a fine balance between several competing collective phenomena in these systems, such as superconductivity and presence of strong charge and spin fluctuations [2, 3] . The latter is one of the most remarkable properties of the cuprates and manifests itself in the antiferromagnetic (AFM) phase at low temperatures in the undoped regime. Moreover, strong electronic correlations imply that collective spin fluctuations are well developed even in the paramagnetic (PM) regime and have a large spin-correlation length. This can be seen as the formation of the Goldstone mode with the frequency proportional to the inverse of the AFM spincorrelation length, and can be observed via the intensity of the spin susceptibility at the M = (π, π) point. The correlation length increases with decreasing temperature and the frequency vanishes at the Néel temperature T N forming the AFM "soft" mode, as confirmed by the self-consistent spinwave theory (see Ref. [4] and references therein).
An outstanding property of collective spin excitations in cuprates is their extreme robustness against small variations around the optimal doping. The inelastic neutron scattering experiments allow to capture the sharp "resonance" in the magnon spectrum at the energy of 50-70 meV [5] [6] [7] [8] [9] . This resonant AFM mode is presented in cuprates within a broad range of temperatures and doping, and is even proposed as a possible pairing mediator for superconductivity [3, 10] . Various model calculations associate this mode either with paramagnetic fluctuations of correlated itinerant electrons [11, 12] or with particle-hole excitations that depend on the band structure of different cuprate compounds [13, 14] . However, there is no conventional understanding of the most distinctive feature of the AFM resonance -why it remains unchanged around the optimal doping.
The theoretical description of collective excitations in cuprates requires a very advanced approach. Indeed, large local Coulomb interaction U in these materials drives the system toward the Mott insulating phase, which makes the standard RPA method [15] inapplicable, although some attempts in this direction have already been made [16] [17] [18] . In this regard, the Heisenberg [19] and t-J [20, 21] models look more suitable for characterization of spin fluctuations. However, cuprates do not lie very deep in the Mott-insulating phase, since U slightly exceeds the bandwidth. In addition, the presence of large nonHeisenberg "ring exchange" [22] and frustration induced by the next-nearest-neighbour hopping t and nonlocal Coulomb interaction V make a description in terms of localized spins inappropriate. Finally, essential long-range nonlocality of collective spin excitations enhanced by the presence of Van Hove singularities (VHS) in the electronic spectrum raises questions about the applicability of the extended dynamical mean-field theory [23, 24] . Thus, the problem requires an accurate description of different competing collective phenomena in the moderate regime between the weekly correlated and strongly localized limits.
In this work we consider magnetic fluctuations of the La 2 CuO 4 cuprate compound. The use of the advanced Dual Boson (DB) method [25, 26] allows us to explain the phenomenon of robustness of the "resonant" mode against doping and observe a tendency of the system to phase separation between the AFM and conducting holes states. In the undoped case paramagnetic spin fluctuations in cuprates show the incipient AFM "soft" mode. Finally, apart from the low-energy magnon band, we detect magnetic interband d-d transitions that are usually observed in the resonant inelastic X-ray scattering experiments [27] [28] [29] [30] [31] but not yet described theoretically. FIG. 1 . DOS of the La 2 CuO 4 (left) is obtained for the different values of hole-doping n = 0.98, n = 0.93 and n = 0.88. With the increase of the doping it reveals a sharp peak at the Fermi energy, which corresponds to the existence of the flat band in the momentum space representation of the quasiparticle dispersion (right), shown for n = 0.88. The energy E is given in the eV.
RESULTS
We start the discussion of the obtained results with the most exciting question, namely the existence of the famous "resonant" mode in the spin fluctuation spectrum of cuprates. Since this mode corresponds to a finite frequency, one has to consider collective spin excitations in the paramagnetic regime. Indeed, in the magnetic phase AFM ordering forms the ground state of the system and corresponds to zero frequency. The strongest spin fluctuations in the PM regime emerge in the region close to the phase boundary between the PM and AFM states, which can be identified by the leading eigenvalue λ of the Bethe-Salpeter equation for the magnetic susceptibility approaching unity as discussed in the Supplemental Material [32] . Since magnetic fluctuations are by definition collective electronic excitations the source of the AFM resonant mode should manifest itself already in the single-particle energy spectrum.
According to the above discussions, the electronic density of states (DOS) (left panel in Fig. 1 ) is obtained in the PM region close to the leading magnetic instability for different values of hole-doping for the following electronic densities n = 0.98 (β = 10, λ = 0.95), n = 0.93 (β = 15, λ = 0.98) and n = 0.88 (β = 20, λ = 0.97), where β = 1/k B T . The undoped case corresponds to n = 1. The increase of the number of holes in the system drastically changes the DOS and results in a growing sharp peak at the Fermi level, which indicates the presence of the flat band in the quasiparticle spectrum (right panel in Fig. 1 ) where excessive charge carriers leave. As it is inherent in the Mott insulator, the energy spectrum of the undoped La 2 CuO 4 reveals two separated Hubbard sub-bands that are located below and above the Fermi energy [32] . Upon hole-doping the Fermi level shifts downwards to negative energy and rapidly approaches the Van Hove singularity of the lower sub-band, which happens already for small value of doping ( n 0.98). Remarkably, after the Fermi energy crosses the flat part of the quasiparticle band at the anti-nodal X = (π, 0) point, the Fermi level is pinned to the VHS and does not shift anymore with the further increase of the doping. This result is consistent with the previous theo-FIG. 2. Momentum resolved magnetic susceptibility of the La 2 CuO 4 in the doped regime (right) and its cut (left) at the energy E max that corresponds to a maximum intensity at the M point. The corresponding value of the E max is almost unchanged and for different holedoping is 67 meV ( n = 0.98), 66 meV ( n = 0.93) and 61 meV ( n = 0.88). The cut of the magnetic susceptibility reveals twopeaks that correspond to an AFM ordering (M-point) and magnetic holes state (ΓX/2 = (0, π/2) point). The magnetic susceptibility (right) is shown for n = 0.88.
retical studies of high-T c cuprates [33] and Hubbard model on the triangular lattice [34] . Apart from the pinning of the Fermi level, we observe that the hole-doping causes the reconstruction of the Fermi surface, which manifests itself in the flattening of the energy band at the vicinity of the MΓ/2 = (π/2, π/2) nodal point. Redistribution of the spectral weight upon doping results in the increased density of holes that live around the X and MΓ/2 points as depicted by white arrows in the right panel in Fig. 1 . The rest of the quasiparticle dispersion remains unchanged and therefore the energy spectrum is shown there only for one peculiar case of n = 0.88. The other cases of doping are considered in [32] . Now let us proceed to the two-particle description of the problem and look at the low-energy part of the momentum resolved magnetic susceptibility of the La 2 CuO 4 shown in Fig. 2 (right). Remarkably, the obtained dispersion of paramagnons does not change with doping and only reveals progressive broadening with the increase of number of holes in the system [32] similarly to what has been observed in the recent experiment [31] . Another distinctive feature of the magnetic spectrum that is fortunately captured by the DB method is the high intensity at the M = (π, π) point. This mode is associated with collective AFM fluctuations and stays almost unchanged upon hole-doping with the maximum at the corresponding energies E max = 64 ± 3 meV [32] . Since specified small differences in the spin fluctuation spectrum are almost indistinguishable, the result for the magnetic susceptibility is shown in Fig. 2 (right) only for one case of n = 0.88. Taking into account that the presence of doping usually destroys the ordering in the system, the result for the magnon dispersion looks counterintuitive at the first glance. In order to get deeper understanding of this fact, one can look at the cut of the magnetic susceptibility at the maximum energy E max shown in the as the second peak at the ΓX/2 = (π/2, 0) point. Importantly, the height of the minor peak grows with hole-doping, which explains why the AFM mode stays in "resonance" and does not suffer from the existence of the excessive charge carriers in the system. A similar momentum-dependent variation of the spectral weight of spin fluctuations with doping was also reported in [31] . The observed picture with no shift of the AFM intensity from the M point to an incommensurate position is consistent with the scenario of phase separation between the insulating AFM state and conducting droplets formed by the excessive charge carriers [35, 36] .
Remarkably, the presence of the observed spin excitations in the doped La 2 CuO 4 is reflected in the single-particle spectrum. It is known that in the undoped regime of the Mott insulator AFM fluctuations are governed by Anderson's "superexchange" mechanism [37] . Contrary, in the doped case when the VHS lies at the Fermi energy AFM spin fluctuations arise due to collective excitations of electrons between the antinodal X = (π, 0) and Y = (0, π) points [33, 34, 38] . This fact is also confirmed by our obtained energy spectrum (see right panel in Fig. 1 ), where the high intensity at the Fermi level corresponds to the large density of the charge carriers that live at the vicinity of the X point as depicted by the small white arrow. Apart from the main AFM fluctuations, the presence of another region of high density of holes, appearing at the vicinity of the MΓ/2 = (π/2, π/2) point as a consequence of the reconstruction of the Fermi surface allows another magnetic excitation of charge carriers between these two regions as shown by the white curved arrow. The observed minor peak at the ΓX/2 = (π/2, 0) point in the Fig. 2 (left) indicates that this excitation happens roughly between the MΓ/2 and XM/2 = (0, π/2) points of the single-particle energy spec- FIG. 4 . DOS (top left) and momentum resolved magnetic susceptibility in the strongly-correlated metallic U = 2; n = 1 (top right), Mott-insulating U = 3; n = 1 (bottom left) and doped Mottinsulating U = 3; n = 0.93 (bottom right) regimes. In addition to the main low-lying mode of the high intensity, the magnon spectrum reveals additional one (bottom left) and two (bottom right) less pronouncing high-energy bands that originate from the magnetic excitations between the corresponding peaks in the DOS depicted by the arrows in the top left panel. Energy E is given in eV.
trum. Therefore, redistribution of the quasiparticle weight with increased doping in addition to pinning of the Fermi energy to the VHS point allows to keep the single-particle energy spectrum unchanged, which, in turn, is reflected in the unchanged magnon dispersion.
Since our modern approach allows to capture the fingerprint of the AFM ordering already in the paramagnetic phase near the leading magnetic instability, one can go deeper into the PM phase in order to observe the incipience of this fluctuation. Fig. 3 shows the momentum resolved low-energy part of the magnetic susceptibility of the undoped La 2 CuO 4 for different temperatures. The top left panel corresponds to the case of high temperature (β = 2.5) and shows a standard paramagnon dispersion [39] . Lowering the temperature, the characteristic energy scale of spin excitations decreases and the intensity at the M point (top right panel, β = 5) of the magnon spectrum at the energy E max = 90 meV arises. Since the corresponding energy of the AFM fluctuations is proportional to the inverse of the spin correlation length, it decreases with the temperature as shown in the bottom left (β = 7.5) and right (β = 10) panels in Fig. 3 . When approaching the Néel temperature at β 10 (λ = 0.96) the AFM fluctuation "softens" and forms the ground state of the ordered phase at the zero energy, which was also predicted in previous studies (see Ref. [4] and references therein).
In the most general case spin fluctuations are not restricted only to the low-energy magnon band discussed above. In order to study the full spectrum of magnetic fluctuations, let us distinguish three cases of interest. First of all, it is worth noting that the La 2 CuO 4 material lies in the region close to the Mott insulator to metal phase transition. Reducing the local Coulomb interaction by 1 eV (U = 2 eV, n = 1) gives rise to a single peak in the DOS in Fig. 4 (top left) shifting the material to a metal state, which also proves that the considered system is moderately correlated. In addition, one can specify two more cases ( n = 1 and n = 0.93) where the electronic DOS of the La 2 CuO 4 (U = 3eV) has a two-and three-peak structure, respectively. Corresponding results for the momentum resolved magnetic susceptibility (see Fig. 4 ) reveal one (top right), two (bottom left) and three (bottom right) less pronounced high-energy magnon bands, marked by white arrows. These bands originate from collective excitations between the specified peaks in the DOS, as depicted by arrows in the top left panel in Fig. 4 , similarly to the case of charge fluctuations [40] . It is worth mentioning that the most distant process, which is shown here by the dashed arrow in the top left panel of Fig. 4 , is suppressed, because it does not involve spin excitations from the Fermi level contrary to the other two cases. Therefore, the corresponding magnon band is not observed in the bottom right panel in Fig. 4 . Thus, the advanced DB scheme also allows to capture the higher-energy d-d transitions that are much less intensive than the lowerenergy magnon band and is able to distinguish them from the charge excitations.
CONCLUSIONS
To summarize, in this work electronic properties of the doped La 2 CuO 4 cuprate compound in the paramagnetic phase close to the leading magnetic instability have been considered. Following the evolution of the electronic band structure of cuprates with hole-doping, we have observed that the van Hove singularity at the anti-nodal X (Y) point rapidly approaches the Fermi level at n 0.98. Further increase of doping leads to additional flattening of the energy band at the vicinity of the nodal MΓ/2 point and pinning the Fermi level to flat parts of the energy spectrum. The redistribution of the quasiparticle density upon doping results in the spectral weight transfer to the vicinity of X (Y) and MΓ/2 points, which allows to observe two magnetic modes in the spin fluctuation spectrum. Thus, collective electronic excitations between the anti-nodal X and Y points form the famous antiferromagnetic "resonant" mode, which remains unchanged in a broad range of temperatures and doping. We have shown that protection of the AFM resonance is realized simultaneously through the VHS pinning and formation of another mode, which grows with doping and is located at the ΓX/2 point in the magnon spectrum. We have discovered that this mode corresponds to collective excitations of excessive charge carriers between the nodal MΓ/2 and anti-nodal XM/2 points.
The use of the advanced Dual Boson technique allowed us to investigate spin fluctuations in a wide spectral range. Thus, the incipience of the low-energy AFM mode in the undoped La 2 CuO 4 is captured in the paramagnetic regime far from the PM to AFM phase transition. This mode softens when approaching the Néel temperature and forms the AFM ground state in the broken symmetry phase. The study of higher-energy magnetic fluctuations revealed additional less pronounced magnon bands. We have found that these bands originate from the collective d-d transitions between subbands in the quasiparticle energy spectrum and can be captured experimentally.
METHODS
The problem of collective excitations in cuprates is addressed here using the Dual Boson theory [25, 26] for the extended Hubbard model. Particular parameters for the La 2 CuO 4 cuprate compound are: the nearest-neighbor hopping amplitude t = 0.3, the local and nonlocal Coulomb interactions U = 3 and V = 0.5, respectively, the direct ferromagnetic exchange interaction J d = 0.01 (all units are given in eV) and the next-nearest-neighbour hopping amplitude t = −0.15t [41] [42] [43] . Since cuprates show a non-Heisenberg behavior, the magnon-magnon interaction plays an extremely important role and is accounted here via the spin hybridization function Λ of the local DB impurity problem. The DB theory in the ladder approximation with a constant hybridization function Λ fulfills charge [40] and spin [44] conservation laws. Therefore, our theory is a minimal and unique approach that accurately addresses the non-local collective charge and spin fluctuations and remains applicable to realistic systems.
The magnetic susceptibility in the ladder DB approximation is given by the following relation [44] X ladd qω
, where X DMFT qω is the DMFT-like [45, 46] magnetic susceptibility written in terms of the local two-particle irreducible four-point vertices and lattice Green's functions. The latter is dressed only in the local self-energy and is given by the usual EDMFT relation [23, 24] . The single-and two-particle spectral functions are obtained, respectively, from the lattice Green's function and magnetic susceptibility by a stochastic optimization method for analytical continuation [47] . The explicit formulation of the method and details of calculations can be found in [32] . Supplemental Material for Quantum spin fluctuations and evolution of electronic structure in cuprates
MODEL
The action of the considered extended Hubbard model written in momentum space has the following form
Here, c * kνσ (c kνσ ) are Grassmann variables corresponding to creation (annihilation) of an electron with momentum k, fermionic Matsubara frequency ν and spin σ. ε k is the Fourier transform of the nearest-neighbor (NN) t and next-NN t hopping amplitudes. The label ς = {c, s} depicts charge c and spin s = {x, y, z} degrees of freedom, so that U and V The description of collective excitations is given here within the ladder Dual Boson theory [25, 26, 48, 49] , which implies exact solution of the corresponding local impurity problem
where the fermionic ∆ ν and bosonic Λ ς ω hybridization functions are introduced similarly to the EDMFT [23, 24, [50] [51] [52] [53] in order to effectively account for nonlocal excitations and have to be determined self-consistently. Note that the same functions have to be excluded from the remaining nonlocal part of the action
so the total lattice problem S = i S
imp + S rem is unchanged. Inclusion of bosonic hybridization functions is important and leads to a great improvement of results already at the dynamical mean-field level [48, 49] . Nevertheless, this procedure has some hidden difficulties. As it was shown recently, while the bosonic hybridization function Λ c ω in the charge channel performs rather good, the account for the same kind of frequency dependent function Λ s ω in the spin channel leads to the changed Ward identity and thus breaks the local spin conservation at the impurity level [54] . Also, the inclusion of the bosonic hybridization function in the spin channel drastically complicates solution of the impurity problem and is often associated with the sign problem. Whereas the solution of this issue in the single-band case was recently proposed [55] , an application of this method to realistic multiorbital systems is extremely complicated and is not done yet. However, there is still one particular form of the bosonic hybridization function, which does not violate local conservation laws, stays almost undiscussed. Indeed, when the bosonic hybridization for the spin channel is approximated by a constant function in the frequency space Λ s ω → Λ s , the local Ward identity remains unchanged and conservation laws are fulfilled [56] .
VARIATION OF THE IMPURITY PROBLEM
The important consequence of introducing of retarded interactions is that every variation δ∆ ν and δΛ ς ω doesn't change the total action and, as a consequence, the partition function. It is also possible to vary retarded interactions in such a way that the impurity problem (2) remains unchanged as well. According to above discussions, let us assume that δ∆ and δΛ ς are constant variations of fermionic and bosonic hybridization functions. Therefore, the variation of the impurity action reads where we considered an anisotropic case of spin fluctuations δΛ x = δΛ y = δΛ z = δΛ s . Since the impurity problem is assumed to be unchanged under these transformations, one gets following relations for introduced variations
Here, the last relation describes a constant shift of the chemical potential µ. Thus, the total variation of the impurity action is
which is just a constant shift of the energy that does not affect the calculation of local observables. Then, based on the above transformation, the initial action (2) of the impurity model can be simplified as
where 
where
s . Therefore, all local observables of impurity model (2) can be calculated using a more simple local problems written in the EDMFT (8) and DMFT (9) forms. It turns out that this approximation is very attractive for numerical calculations, since the inclusion of the spin channel in the impurity problem (2) does not require additional implementation, since the simplified actions (8) and (9) contain only charge degrees of freedom.
VARIATION OF THE LATTICE PROBLEM
The partition function of the initial problem is given by the following relation
According to the usual formulation of the Dual Boson theory [25, 26, 48, 49] , one can perform Hubbard-Stratonovich transformations of the nonlocal part of the action S rem and introduce new dual variables
Rescaling the fermionic field as f kνσ → f kνσ g 
Using the exact relation between the lattice and dual quantities [25, 26, 48, 49] and connections between variations of hybridization functions (5) and (6), one gets the following analytical expression for the "Pauli principle"
Here X ς qω and χ ς ω are the lattice and impurity susceptibilities, respectively. Therefore, if one takes the
self-consistency condition on the hybridization function Λ ς , the "Pauli principle" fulfills automatically, because the impurity problem is solved numerically exactly and the following relation
is correct by definition.
CALCULATION OF OBSERVABLES
All lattice quantities of the considered problem can be obtained following the standard Dual Boson scheme [25, 26, 48, 49] with the only one difference in the self-consistency condition (14) on the constant bosonic hybridization function Λ ς . In our work we restrict ourselves to the ladder Dual Boson description of collective excitations. Therefore, the lattice self-energy Σ kνσ is approximated by that of the local impurity problem (2) and the nonlocal contribution is omitted in order to obey charge and spin conservation laws. Then, the lattice Green's function is equal to the EDMFT Green's function G kνσ and the magnetic susceptibility can be written in the following form [44] X ladd qω
where X DMFT qω is the DMFT-like [45, 46] magnetic susceptibility written in terms of the local two-particle irreducible four-point vertices and lattice Green's functions. Numerical calculations of the Green's function and susceptibility are performed on the 32 × 32 lattice. Number of k points in the Brillouin Zone is the same as for the lattice sites, namely 32 × 32. Number of fermionic Matsubara frequencies is 36, which is twice larger than the bosonic one. The single-and two-particle spectral functions are shown in Fig. 5 and Fig. 6 , respectively, and obtained from the lattice Green's function and magnetic susceptibility by a stochastic optimization method for analytical continuation [47, 57] . FIG. 5 . Evolution of the energy spectrum of the La 2 CuO 4 (top row) and its cut at X and MΓ/2 (bottom row) obtained in the paramagnetic regime close to the PM to AFM phase boundary for different values of hole-doping (from left to right) n = 1, n = 0.98, n = 0.93 and n = 0.88. The energy E is given in the eV.
The evolution of the electronic band structure of cuprates with the hole-doping is shown in Fig. 5 (top row). One can observe that the van Hove singularity at the anti-nodal X point rapidly approaches the Fermi level at n 0.98. The further increase of the doping to n = 0.93 and n = 0.88 leads to the additional flattening of the energy band at the vicinity of the nodal MΓ/2 point and pinning of the Fermi level to the nodal and anti-nodal points of the energy spectrum. The redistribution of the quasiparticle density upon doping results in sharp picks and almost identical behavior of the electronic density at the X and MΓ/2 points as shown in Fig. 5 (bottom row) . FIG. 6 . Momentum resolved magnetic susceptibility of the La 2 CuO 4 obtained in the paramagnetic regime close to the PM to AFM phase boundary for different values of hole-doping (from left to right) n = 0.98, n = 0.93 and n = 0.88. The energy E is given in the eV. Fig. 6 shows the magnon spectrum as a function of hole-doping. As one can see, the obtained dispersion of paramagnons is almost unchanged with doping and only reveals progressive broadening with the increase of number of holes. The high intensity at the M point has the maximum at the corresponding energies E max = 67 meV ( n = 0.98), 66 meV ( n = 0.93) and 61 meV ( n = 0.88) and is associated with collective AFM fluctuations.
